The presently available high-statistics data of the D 0 → K 0 S π + π − processes measured by the Belle and BABAR Collaborations are analyzed within a quasi two-body QCD factorization framework. Starting from the weak effective Hamiltonian, tree and annihilation amplitudes build up the D 0 → K 0 S π + π − decay amplitude. Two of the three final-state mesons are assumed to form a single scalar, vector or tensor state originating from a quark-antiquark pair so that the factorization hypothesis can be applied. The meson-meson final state interactions are described by Kπ and ππ scalar and vector form factors for the S and P waves and by relativistic Breit-Wigner formulae for the D waves. A combined χ 2 fit to a Belle Dalitz plot density distribution, to the total experimental branching fraction and to the τ − → K 0 S π − ντ decay data is carried out to fix the 33 free parameters. These are mainly related to the strengths of the scalar form factors and to unknown meson to meson transition form factors at a large momentum transfer squared equal to the D 0 mass squared. A good overall agreement to the Belle Dalitz plot density distribution is achieved. Another set of parameters fits equally well the BABAR Collaboration Dalitz plot model. The parameters of both fits are close, following from similar Dalitz density distribution data for both collaborations. The corresponding one-dimensional effective mass distributions display the contributions of the ten quasi two-body channels entering our 
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Abstract
The presently available high-statistics data of the D 0 → K 0 S π + π − processes measured by the Belle and BABAR Collaborations are analyzed within a quasi two-body QCD factorization framework. Starting from the weak effective Hamiltonian, tree and annihilation amplitudes build up the D 0 → K 0 S π + π − decay amplitude. Two of the three final-state mesons are assumed to form a single scalar, vector or tensor state originating from a quark-antiquark pair so that the factorization hypothesis can be applied. The meson-meson final state interactions are described by Kπ and ππ scalar and vector form factors for the S and P waves and by relativistic Breit-Wigner formulae for the D waves. A combined χ 2 fit to a Belle Dalitz plot density distribution, to the total experimental branching fraction and to the τ − → K 0 S π − ντ decay data is carried out to fix the 33 free parameters. These are mainly related to the strengths of the scalar form factors and to unknown meson to meson transition form factors at a large momentum transfer squared equal to the D 0 mass squared. A good overall agreement to the Belle Dalitz plot density distribution is achieved. Another set of parameters fits equally well the BABAR Collaboration Dalitz plot model. The parameters of both fits are close, following from similar Dalitz density distribution data for both collaborations. The corresponding one-dimensional effective mass distributions display the contributions of the ten quasi two-body channels entering our D 0 → K 0 S π + π − decay amplitude. The branching fractions of the dominant channels compare well with those of the isobar Belle or BABAR models. The lower-limit values of the branching fractions of the annihilation amplitudes are significant. Built upon experimental data from other processes, the unitary Kπ and ππ scalar form factors, entering our decay amplitude and satisfying analyticity and chiral symmetry constraints, are furthermore constrained by the present Dalitz plot analysis. Our The experimental analyses [1, 2] rely mainly on the use of the isobar model. In this approach one can take into account the many existing resonances coupled to the interacting pairs of mesons. However, the corresponding decay amplitudes are not unitary and unitarity is not preserved in the three-body decay channels; it is also violated in the two-body sub-channels. Furthermore, it is difficult to differentiate the S-wave amplitudes from the non-resonant background terms. Their interferences are noteworthy and then some two-body branching fractions, extracted from the data, could be unreliable. The isobar model is tractable but it has many free parameters: at least two fitted parameters for each amplitude and for example, the Belle Collaboration in Ref.
[1] has used 40 fitted parameters and BABAR Collaboration 43 in Ref. [2] .
Imposing unitarity for three-body strong interactions in a wide range of meson-meson effective masses is difficult. Some three-body unitarity corrections have been evaluated in Ref. [11] for D 0 → π 0 π + π − decays and in Ref. [12] for D
In a unitary coupled-channel model Ref.
[11] has shown that two-body rescattering terms could be important. They find that the decay amplitudes of the unitary model can be rather different from those of the isobar model. In Ref.
[12] the three-body unitarity is formulated with an integral equation inspired by the Faddeev formalism. There, they sum up a perturbation series and find that three-body effects important close to threshold fade away at higher energies. In the present work, as a first step, we require two-body unitarity in the D-decay amplitudes with K 0 S π ± final state in S wave and with the π + π − final state in S and P waves. According to the experimental works [1, 2] , the sum of the branching fractions corresponding to these amplitudes yields an important part of the total branching fraction of the D 0 → K 0 S π + π − decay. The two-body QCD factorization has been applied with success to charmless nonleptonic B decays (see e.g. Ref.
[13]). For the D meson the charm quark mass m c is lighter than the bottom quark mass by about a factor of three. The c quark mass is too high to apply chiral perturbation theory and too light to use heavy quark expansion approaches. One expects nonperturbative D-decay contributions of order Λ QCD /m c to be more important than in B decays. Consequently the factorization hypothesis could be less reliable. Nevertheless, following the initial articles of Bauer, Stech and Wirbel [14, 15] the assumption of factorization has been applied successfully to D decays in several recent papers [16] [17] [18] [19] . The Wilson coefficients are treated as phenomenological parameters to account for possible important non-factorizable corrections [20] . An alternative diagrammatic approach for the description of hadronic charmed meson decays into two body has been the support of the works presented in Refs. [21] and [22] .
In the framework of the quasi two-body QCD factorization (QCDF) approximation [13] and of the extension of a program devoted to the understanding of rare three-body B decays [23] [24] [25] [26] [27] we analyze the presently available D 0 → K 0 S π + π − data. So far no QCD factorization scheme has been worked out for three-body decays. Then, as in our previous studies, we assume that two of the three final-state mesons forms a single state which originates from a quark-antiquark, qq, pair. Such an hypothesis leads to quasi two-body final states to which the factorization procedure is applied. The three-meson final states K 0 S π + π − are here supposed to be formed by the following meson-pair states in L = S, P and D waves,
− decay amplitudes, derived from the weak effective Hamiltonian, have contributions from tree diagrams but none from penguin or W -loop diagrams. There are also annihilation amplitudes arising from Wmeson exchange between the D 0 quark constituents. The amplitudes corresponding to the c → sud transition are Cabibbo favored (CF) while those with c → dus are doubly Cabibbo suppressed (DCS).
In the factorization approach, the CF and DCS amplitudes are expressed as superpositions of appropriate effective QCD coefficients and two products of two transition matrix elements. For the CF tree amplitudes, the first and second product correspond to the transition matrix element between the D 0 and [
L state multiplied by the transition matrix element between the vacuum and the π + (proportional to the pion decay constant) or the K 0 (proportional to the kaon decay constant), respectively. For the DCS tree amplitude these products correspond to the transition between the D 0 and π − or [π − π + ] L state multiplied by the transition between the vacuum and the [K 0 π + ] L (proportional to the kaon-pion form factor) or the K 0 (proportional to the kaon decay constant), respectively. In the latter case, in the K 0 π center of mass frame, the bilinear quark current involved forces the [K 0 π + ] pair to be in a L = S or P wave. For the CF (DCS) annihilation amplitudes the products correspond to the transition between the π or [10, 30] . We also fit the Dalitz plot density of the BABAR Collaboration model [31] .
The paper is structured as follows. Section II describes formally the amplitudes calculated in the framework of the QCD factorization approach. Section III provides a practical formulation of these amplitudes by introducing combinations of some of them more amenable to numerical calculations. A discussion of the branching fractions is also given there. Section IV lists the necessary input for the evaluation of the amplitudes. Results are presented and discussed in Section V while Section VI summarizes the outcome of this analysis and proposes some conclusions and perspectives.
II. THE
The decay amplitudes for the D 0 → K 0 S π + π − process can be evaluated as matrix elements of the effective weak Hamiltonian [32] 
where the coefficients V CKM are given in terms of Cabibbo-Kobayashi-Maskawa quark-mixing matrix elements and G F denotes the Fermi coupling constant. The C i (µ) are the Wilson coefficients of the four-quark operators O i (µ) at a renormalization scale µ, chosen to be equal to the c-quark mass m c . The left-handed current-current operators O 1,2 (µ) arise from W -boson exchange. The transition matrix elements that occur in the present work require two specific values of the V CKM coupling matrix elements:
The amplitudes are functions of the Mandelstam invariants
where p 0 , p + and p − are the four-momenta of the K 0 S , π + and π − mesons, respectively. Energy-momentum conservation implies 
where the CF amplitudes are proportional to Λ 1 and the DCS ones to Λ 2 . Although the three variables s 0 , s − , s + appear as arguments of the amplitudes, because of the relation (4) all amplitudes depend only on two of them.
Assuming that the factorization approach [13, 20, 32, 33] 
states holds, the tree CF amplitudes read, with |0 indicating the vacuum state,
In deriving Eq. (6) small CP violation effects in K 0 S decays are neglected and we use
At leading order in the strong coupling constant α S , the effective QCDF coefficients a 1 (m c ) and a 2 (m c ) are expressed as
where N C = 3 is the number of colors. Higher order vertex and hard scattering corrections are not discussed in the present work and we introduce effective values for these coefficients (see Sec. IV). From now on, the simplified notation a 1 ≡ a 1 (m c ) and a 2 ≡ a 2 (m c ) will be used. In Eq. (6), we have introduced the short-hand notation
which will be used throughout the text. The amplitudes T 
A similar derivation for the CF annihilation amplitudes, illustrated by the diagram in Fig. 5 , yields The corresponding DCS annihilation amplitudes (see Fig. 6 ), obtained from Eq. (11) with the substitutions
Let us now review in detail the 28 amplitudes that build up the total A. Cabibbo favored amplitudes
Starting from Eq. (6) we build now the expression of the different CF amplitudes following a derivation similar to that described in details in Ref. amplitude is
The transition form factor F
− resonance. It is real in the kinematical range considered here. The form factor F
where the transition form factor F
is assumed to be dominated by the f 0 (980) resonance. It is also purely real.
In the equations above, f π and f K 0 represent the pion and K 0 decay constants. The [ππ] S-wave form factor F In Eqs. (13) and (14) [27] and as discussed in Sec. V of the present paper, their values could be estimated from the dominating resonance decay properties. Here, there is no dominant resonance then χ 1 and χ 2 are taken as complex constants to be fitted.
where [34] and [35] .
where the transition form factor A 
one has, in the QCDF framework,
with
and
where ǫ represents the four-vector polarization of the ω meson. The matrix element in the above equation reads (see, e.g., Eq. (24) of Ref. [33] )
where the "other terms" do not contribute when they are multiplied by Eq. (19). The ωπ + π − vertex function is given by
where the expression of the coupling coefficient g ωππ is given in Sec. IV and Γ ω is the ω total width. One eventually arrives at
One has finally to evaluate the [K 
where
coupling constant to the K 
The transition form factor
follows from Ref. [37] (see their Eq. (10a)), and depends on three distinct functions of the four momentum transfer squared at m 2 π , k
For the amplitude related to the f 2 meson with mass m f2 ≡ m f2(1270) one has
where g f2π + π − characterizes the strength of the f 2 → π + π − transition [see Eqs. (119) and (120)]. Here, because of the rather large width of the f 2 meson, the total width Γ f2 (s 0 ) depends on the invariant mass squared s 0 . The function D(p 2 , p 0 ) is given by the same expression as in Eq. (25) replacing p 1 by p 2 and p + by p 0 , the corresponding momenta and scalar product defined in Eqs. (A4)-(A6). In Eq. (27), the D 0 to f 2 transition form factor, F
depends on three distinct functions of the four momentum transfer squared at m
B. The doubly Cabibbo suppressed amplitudes
To the Cabbibo favored amplitudes of the preceding subsection must now be added the doubly Cabibbo suppressed tree amplitudes which are derived from Eq. (10) in a similar way to that used for the CF amplitudes.
For the K 0 S [π − π + ] P amplitude, one has two contributions, associated mainly to the ρ(770) 0 and to the ω(782). They read
respectively. Associated to the [Kπ] and [ππ] D-states, there is only one non-zero amplitude, that related to the f 2 meson,
No contribution comes from the [Kπ] D-wave since one has < 0|(u s) V −A |K * + 2 >= 0, so that
The expressions of the CF and DCS "emission" amplitudes of the D 0 to pseudoscalar-vector meson decays, given in the Appendix of Ref. (31)- (33)] tree amplitudes for the dominant resonance K * (892), ρ(770) 0 and ω part, respectively.
C. The annihilation (W -exchange) Cabibbo favored amplitudes
Let us sketch a systematic derivation for these amplitudes defined in Eq. (11) and illustrated diagrammatically by Fig. 5 (see, e.g., Sec. V.C in Ref. [33] ). Denoting by M 1 (p 1 ) and M 2 (p 2 ) the quasi two-meson final state, we may write, in the QCDF framework, for the CF amplitudes
The second term in the right hand side of Eq. (36) corresponds to the annihilation of the D 0 that goes through the W exchange between the cu quark pair that builds the D 0 (see Ref. [33] ). In Eq. (36) the possible quasi-two-meson pairs are (see Eq. (11)):
The meson pairs are assumed to originate from a pair of quarks: a su pair in the first case and a dd one in the second. For the D 0 decay constant, f D 0 one takes (the phase is chosen in accordance with the choice made in Eq. (A.3) of Ref.
[27])
Thus, all annihilation amplitudes will be proportional to the 
where 
with 
For the [π
Since the D 0 mass is larger than the masses of the two-meson thresholds m π + m K * 0 (800) and m K 0 + m f0(500) , the transition form factors F
(m 2 D 0 ) appearing in these equations are unknown complex parameters to be fitted.
For the [m 1 m 2 ] P wave contributions, denoting for simplicity the vector meson resonances as
we may write
ǫ being the polarization of the vector resonance and G VR the V R decay vertex function. One has [33] 
Here p D 0 = p 1 + p 2 . The "other terms" do not contribute when multiplying the matrix element (45) by that of Eq. (39). The P states being characterized by dominant resonances, one writes
where f VR is the V R decay constant. One thus arrives at the following expressions
and, if the [π − π + ] P originates from the ω resonance,
Since we are in the K 0 V R scattering region, the values of the form factors A 
and the polarization tensor of the D-wave resonance as ǫ αβ (λ), λ being the spin projection, one can write
Reformulating the matrix element for the M 2 T R to vacuum transition
where (see Ref. [37] )
Here,
Assuming then, for these cases, Breit-Wigner representations of the resonance vertex functions G TR (p 2 1 ) and summing over the spin projections λ, one arrives at the following expressions
where the expressions of g K * − 2 K 0 S π − , g f2π + π − and of the resonance widths are discussed in Sect. IV.
D. The annihilation (W -exchange) doubly Cabibbo suppressed amplitudes
One has to evaluate the corresponding Cabbibo suppressed amplitudes. One obtains for the [K
for the K 0 S [π − π + ] S amplitude, having assumed the charge symmetry relation for the form factors
For the [K 
while for the K 0 S [π − π + ] P amplitudes, assuming the charge symmetry relations
one obtains respectively
Finally, the [K
where p 3 and p − are defined in Appendix A, and with the charge symmetry relation
To summarize, of the 28 amplitudes describing the (35)).
III. QUASI TWO-BODY CHANNEL AMPLITUDES AND BRANCHING FRACTIONS
This section is devoted to the construction of amplitudes suited for numerical computations. This aim leads us to build specific combinations out of the amplitudes formally derived in the preceding section. The full decay amplitude given in Eq. (5) can be written as a superposition of ten partial amplitudes M i which are each made of a tree T i and of an annihilation (W-exchange)
A. Amplitudes recombined
From Eqs. (6), (11), (13) and (42), the summed [K
Recombining the tree amplitudes defined in Eqs. (6), (10) and given by Eqs. (14), (30), and the annihilation amplitudes defined in Eqs. (11), (12), and given by Eqs. (43), (55) yields the complete
For the P states, the summed [K 0 S π − ] P π + CF amplitudes from Eqs. (6), (11), (15) and (46), yield
As in the case of the 
The combination
will be treated as a single real parameter (see Sec. III B). (33) , (48) and (61)
The
, which arises from Eqs. (6), (11), (24), (35) and (52), reads
Using
where D 1 and E 1 are real coefficients, related to the form factors in Eq. (26) by
while d 1 and e 1 , related to the form factors in Eq. (51) by
are complex. One finally obtains
The unknown complex parameters q 6 and s 6 will be fitted. 
It is reexpressed as
As for the [K
and (10), (12), (29) and (54) and reads 
The unknown multiplicative complex constants z 8 and z 9 , appearing in Eqs. (84) 
Finally, from Eq. (62), the DCS annihilation [Kπ] D π amplitude is M 10 ≡ A 10 . In analogy with the amplitudes M 6 and M 7 , we introduce the parametrization
where the unknown coefficients q 10 and s 10 , related to the transition form factors in Eq. (51), are free complex parameters that will be fitted. We calculate practically
To summarize this subsection, the recombined amplitudes used in our calculations are given in Table I (a  similar table can 
B. On branching fractions
The differential branching fraction or the Dalitz plot density distribution is defined as
where Γ D 0 is the D 0 width. The total branching fraction for the D 0 decay into K 0 S π + π − is obtained by integration of the differential branching fraction over the Dalitz diagram surface. One can also obtain one dimensional densities by integration over one variable s, for example the s − distribution reads
We infer from Eq. (89) that it is not possible to calculate all the phases of the amplitudes M i by knowing the differential branching fraction distribution only. Out of the 10 phases, one phase cannot be determined. Let us call this particular phase φ 4 and define the modified partial amplitudesM i as follows
The phase φ 4 is taken equal to the phase of the constant coefficient of the amplitude M 4 defined in Eq. (69). By making this choice we proceed in the same way as in the isobar model analyses of Refs. [1,2,10]. Our basic amplitudes, which will be determined from the fit to the Dalitz plot density distributions, are theM i and T i amplitudes.
The branching fraction distributions corresponding to the amplitudes M i are defined as
If one replaces M i byM i then the above branching fractions remain unchanged. It is instructive to define separately the branching fractions corresponding to different tree and annihilation components i of the decay amplitudes 
since from Eqs. (65), (91) one has /ds − ds + cannot be evaluated since the phase φ 4 is in general unknown. From Eq. (95) we can, however, obtain the following inequality
from which the lower and upper limits of the annihilation branching fractions can be calculated. For example, the lower limits of the integrated annihilation branching fractions are given by
where the double integration is performed over the Dalitz plot surface. We introduce also the modified annihilation (W -exchange) amplitudes A ′ ĩ
As follows from Eqs. (65), (91) these amplitudes are related to the tree and annihilation amplitudes
The formulae for the modified amplitudes A ′ i can be rewritten in the same way as the corresponding formulae for the annihilation amplitudes if we introduce new coefficients replacing the former form factors calculated at the momentum transfer squared m 2 D 0 . Thus, for example, the new coefficientÃ
for the A ′ 4 amplitude is given by the formulã
Similar relations are valid for the new complex coefficientsF 
coefficient is real. All the six new coefficients, defined above, will be extracted by fitting the Dalitz density distributions.
Due to our poor knowledge of the form factor combinations, defined in Eqs. (26) and (28) for the D waves, we are unable to calculate separately the tree contributions T 6 and T 7 . Therefore in the following considerations leading to the possibly best determination of the lower limit of the annihilation branching fraction we have to omit temporarily from the total sum the contributions M 6 and M 7 .
Denoting by T ′′ , A ′′ andM ′′ the sums of the tree, annihilation and modified partial amplitudes
and using Eq. (95) we obtain
Then similar inequalities to those of Eq. (96) are satisfied
from which we get the lower and upper limits of the total annihilation branching fractions
Here Br ′′ is the total branching fraction for the decay process considered by us with exclusion of the amplitudes T 6 and T 7
and Br ′′ tree is defined as
IV. INPUT DATA AND USEFUL FORMULAE
The calculation of the full amplitude derived in the preceding section requires the input of many physical ingredients in addition to a number of parameters which will be considered as free.
The Fermi coupling constant G F is taken to be equal to 1.16637·10 −5 GeV −2 [38] . The values of the CKM coupling matrix elements of Eq. [19] two additional phenomenological coefficients a A and a E have been included to account for the W -annihilation and W -exchange contributions. Let us note that in the factorization approach the coefficient a E is equal to a 2 as follows from the derivation of our annihilation amplitudes in Sec. II.
All the annihilation amplitudes, proportional to a 2 , can acquire strong phases related to the final state interactions described by the relevant form factors fixed at the momentum transfer squared m (62)]. Thus the a 2 phase cannot result from a fit to data. Furthermore, only the products of a 2 with the above mentioned form factors can be well determined from the fit. Therefore in the present work we will adopt the real values a 1 = 1.1 and a 2 = −0.5.
The amplitudes incorporate the π, K 0 , ρ and D 0 mesons decay constants as well as their masses and, when appropriate, their widths. They are respectively, following mainly Ref. [38] except when otherwise stated, 
The ρ decay constant is extracted from Ref.
[13]. The D 0 decay constant is assimilated to the D + one, given in Ref. [38] . The mass and width of the K * (892) ∓ are considered as free parameters. Its decay constant, f K * − = f K * + = 0.2143 GeV, is taken from Ref. [25] .
In addition, the mass and total width of the f 2 and K * 2 mesons read [38] , 
respectively.
We use 
with M = 2.01 GeV, σ 1 = 0.54, σ 2 = 0.32 and F 0 = 0.69, and, from Eq. (4.10) and Table 12 of the same reference,
with M = 2.01 GeV, σ 1 = 0.30 and F 0 = 0.69.
The coupling constant g ωππ is given by
and, using Γ ωππ = 0.0153 Γ ω = 1.299 · 10 −4 GeV, we have g ωππ = 0.3504. The coupling constant g f2π + π − in Eqs. (27) and (53) is defined as
The partial width Γ f2π + π − is given by (q f2 r) 4 + 3 (q f2 r) 2 + 9 (qr) 4 + 3 (qr) 2 + 9 Γ f2 ,
with r = 4.0 GeV −1 . The centre of mass pion momenta that enter those expressions are respectively
The coupling constant g K * − 2 K 0 S π − appearing in Eqs. (24) and (52) is fixed at
We take g K * +
To summarize this section, we have 33 free parameters: 14 complex parameters, namely, χ 1 , χ 2 ,
, q 6 , s 6 , q 7 , s 7 , q 10 , s 10 , z 8 , z 9 and 5 real parameters, A
The parameters κ and c enter the pion scalar form factor (see Eqs. (28) and (39) in Ref.
[27]). The dominating P -and S-wave amplitudes require 9 and 12 parameters, respectively, while the D-amplitudes, whose magnitudes are much smaller, depend on 12 parameters.
In addition to a 1 and a 2 fixed at the values given in Eq. (108), and to the masses, widths and decay constants listed in Eqs. (109-115), Table II sums up the values of the fixed form factors and of the coupling constants needed in the calculations that follow. 
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V. RESULTS AND DISCUSSION
The free parameters of the In the fitting procedure, as indicated in Sec. IV, the mass and width of the K * (892) meson are free parameters. These parameters enter also in the Kπ vector form factor taken from the Belle Collaboration fit to the τ 
As mentioned in Section IIA the scalar Kπ form factor is calculated as in Ref. [25] . Its functional form in the Kπ effective mass range close to the position of the K * 0 (1430) resonance depends sensitively on the f K /f π ratio of the kaon to pion coupling constants [40] . It is illustrated in Fig. 7 . We find that the best fit is obtained with the Kπ scalar form factor calculated with a f K /f π value of 1.175. [36] .
We fit also the total experimental branching fraction of the D [38] . Denoting its contribution to the total χ 2 function as χ 2 Br we define:
where the weight w, in principle equals to 1, will be set so as to obtain reasonable value of the total branching fraction (see below). The total number of free parameters in our model being equal to 33, the number of degrees of freedom, ndf , in the fit is ndf Br are equal to 9328, 123 and 0.04, respectively. The calculated total branching fraction is Br tot = 2.78 %. This fit is obtained for the pion vector form factor calculated according to Hanhart's model with the 2C fit parameters shown in Table 1 of Ref. [36] . For the Kπ vector form factor we have used the Belle parameterization of Ref. [28] . The results quoted above have been obtained for the value of f K /f π = 1.175 which belongs to input parameters in the Kπ scalar form factor as described in Ref. [25] . In studies of the B decays into Kπ + π − [25] the value f K /f π = 1.193 has been used although it has already been noticed that the lower value of this ratio, 1.183, gave an improved χ 2 . Here, for the D 0 → K 0 S π + π − decays, we have checked that with f K /f π = 1.193 one obtains a much worse fit with χ 2 = 10045. However, if we lower the f K /f π value down to 1.165 the χ 2 rises again to 9979, being by 528 units higher than the minimum of χ 2 = 9451 for f K /f π = 1.175. Thus the functional dependence of the scalar Kπ form factor on the Kπ effective mass plays a major role in finding the χ 2 minimum. Taking the vector Kπ form factor of Boito et al. [35] instead of that from Belle parametrization [28] leads to sligthly higher χ 2 = 9488. The two sets of parameters obtained for χ 2 = 9451 and for χ 2 = 9488 will be discussed in more detail below. (m0), obtained in the fit to the Belle data, is plotted as the dark band which represents its variation when the parameters κ and c vary within their errors given in Table III . It is compared with the same form factor introduced in Ref.
[27] with the parameters κ = 2 GeV and c = 19.5 GeV −4 (dashed line) and with that calculated using the Muskhelishvili-Omnès equations [41] (dotted-dashed line).
However, for the sake of completeness we quote the corresponding χ 2 values when the Hanhart's pion vector form factor is replaced by the Belle form factor of Ref. [29] . Then one gets still higher χ 2 values equal to 9514 and 9522, respectively.
The resulting values of parameters for the best fit are shown in Table III . As in the experimental analyses we fix the phase of the term multiplying the pion vector form factor F
is real as explained in Sec. III B. This forces us to introduce a tilda on the other form factor parameters appearing in Table III Table III . It is also comparable to the χ ef f S = (4.9 ± 0.4) GeV −1 obtained in the Dalitz plot analysis of the D
[18], as can be seen from their Eq. (38) . A similar estimation of χ 2 for the [π + π − ] S-wave is unfeasible since in that channel one has three scalar resonances which cannot be properly approximated by Breit-Wigner functions so the χ 2 value represents an effective coupling. However its value is compatible with the χ f0 value of (26 ± 9) GeV −1 obtained in Ref.
[16] for the D + → π + π − π + decays, as seen from their Eq. (46). The parameters q 6 , s 6 , q 7 , s 7 , q 10 , s 10 are related to the D-wave contributions. As noted in Sec. III, the multiplicative complex parameters z 8 and z 9 entering the doubly Cabibbo suppressed M 8 and M 9 amplitudes can be interpreted in terms of some charge independence violation in the [Kπ] S,P π systems [see Eqs. (84) and (85)].
The parameters c and κ enter the calculation of the pion scalar form factor as described in chapter 3 of Ref. [27] . Figure 8 displays this form factor, obtained in the present fit to the Belle data compared to that calculated in the fit to the B → πππ data with κ = 2 GeV and c = 19.5 GeV −4 in Ref.
[27]. In spite of the seemingly large differences observed, we have checked that with the form factor fitted here to achieve the lowest χ
[27] for the B → πππ were not altered. This is due to the interplay between κ and c with the parameter χ S in Ref. [27] and to the fact that the B → πππ data (see Ref. [42] ) are statistically less restricting than the
We also want to point out that the modulus of the pion scalar form factor is presently closer to that of the form factor calculated by Moussallam solving the Muskhelishvili-Omnès equations [41] , notably below 1 GeV. Moussallam's form factor has been calculated for the meson-meson amplitudes taken from the three-channel model of Ref. [43] under an additional assumption that the off-diagonal matrix elements T 13 and T 23 are set equal to zero in the region below the third threshold (m 0 < 1.4 GeV). Moreover the cut-off energy E 0 defined in [41] has been chosen equal to 2 GeV.
The Dalitz plot density distribution that emerges from the fit of our model to the Belle data is plotted in Fig. 9 . It displays a very rich interference pattern dominated by the presence of the K * (892) resonance. Figure 10 illustrates the distribution of χ 2 in the Dalitz plot. It shows that there is only a limited number of regions where the χ 2 exceeds 4 and, thus, that a good overall agreement of our model with the experimental density distribution of Ref.
[10] is achieved. The mass and width of the charged K * (892) that come out of the minimization process are in very good agreement with the determination of the Belle Collaboration for 5.43 ± 0.22 ± 0.00 248.1 ± 1.3 ± 2.0 χ2 32.50 ± 1.21 ± 0.09 221.9 ± 0.9 ± 0.7
1.36 ± 0.02 ± 0.00 37.7 ± 0.4 ± 0.2
0.95 ± 0.05 ± 0.06 294.2 ± 2.2 ± 11.9
1.23 ± 0.04 ± 0.03 319.1 ± 1.1 ± 0.2 q6
1.44 ± 0.07 ± 0.15 26.2 ± 1.6 ± 3.8 s6
1.84 ± 0.09 ± 0.16 199.2 ± 1.3 ± 1.5 q7 0.68 ± 0.03 ± 0.02 245.9 ± 1.6 ± 4.9 s7
1.01 ± 0.05 ± 0.03 102.3 ± 1.7 ± 4.1 z8 2.09 ± 0.12 ± 0.04 206.1 ± 3.1 ± 3.5 z9
1.64 ± 0.09 ± 0.31 135.3 ± 1.9 ± 0.3 q10 23.19 ± 1.26 ± 3.10 220.8 ± 3.1 ± 15.6 s10 24.26 ± 1.33 ± 3.74 40.3 ± 3.0 ± 14.5 c (GeV 
The Dalitz plot density distribution has been fitted using the isobar model with 43 free parameters. In the present work the values of the density distribution are calculated starting from a 1000 × 1000 grid tabulating the values of the BABAR model decay amplitude [31] . Summing these values in adjacent cells one gets a set of pseudo-data on a 125 × 125 grid with 7286 cells. Then the 33 free parameters of our model are fitted to these data using the same method as described above for the Belle data. The weight w of χ Table III, Table IV reveals that the numerical values of the parameters fitted to the Belle data and to the BABAR model are quite close. Somehow indirectly this means that the Dalitz density distributions measured by both collaborations are very similar. Some noticeable differences between parameters are seen, mostly for the amplitudes whose contributions are small. In Fig. 11 5.08 ± 0.10 ± 0.03 229.0 ± 1.1 ± 2.0 χ2 32.89 ± 0.46 ± 0.13 214.1 ± 0.6 ± 0.1
1.41 ± 0.01 ± 0.00 41.0 ± 0.3 ± 0.4
0.96 ± 0.02 ± 0.05 287.5 ± 0.9 ± 10.8
1.12 ± 0.02 ± 0.01 318.9 ± 0.6 ± 0.1 q6
1.24 ± 0.03 ± 0.05 50.2 ± 1.7 ± 6.3 s6
1.50 ± 0.04 ± 0.10 217.4 ± 1.3 ± 3.8 q7 0.74 ± 0.02 ± 0.02 227.2 ± 1.0 ± 4.4 s7 0.82 ± 0.03 ± 0.02 69.4 ± 1.5 ± 5.3 z8 2.84 ± 0.08 ± 0.06 182.5 ± 1.9 ± 3.8 z9
1.53 ± 0.04 ± 0.26 126.9 ± 1.0 ± 0.3 q10 21.17 ± 0.69 ± 4.15 199.6 ± 2.2 ± 11.8 s10 22.36 ± 0.74 ± 4.81 17.9 ± 2.2 ± 9.6 c (GeV . Therefore they are not shown in Table V. Lower limits, Br ′′ ann. low , of the summed annihilation amplitudes with the exclusion of the small components M 6 and M 7 can be calculated using Eq. (104). These divided by the fitted total branching fraction Br tot are (20.0 ± 2.5) % and (20.5 ± 2.1) %, for the fits to the Belle data and to the BABAR model, respectively. The corresponding values of the tree branching fractions defined in Eq. (107) are 45.9 % and 46.7 % for the two cases considered here. Taking into account the above large values of the lower limits of the annihilation branching fractions, close to 20 %, one must conclude that the annihilation contributions are important when compared with the tree amplitude terms.
The importance of the annihilation diagrams has also been pointed out in Refs. [19] , [21] and [22] . In Ref.
[19] a calculation of branching ratios for two-body hadronic decays of D and D s mesons into pseudoscalar-pseudoscalar and pseudoscalar-vector mesons has been performed in a factorization approach for the "emission"-type diagrams and in a pole-dominance model for the annihilation-type diagrams. Relative strong phases between the different diagrams were introduced to obtain a better reproduction of the experimental data. As in our model, the contribution of the annihilation diagrams were found to be relatively large. An analysis of experimental data on branching fractions of charmed meson decays into pseudoscalar-pseudoscalar and pseudoscalar-vector mesons has been performed in Ref.
[21] using a quark-diagram approach. It suggests that W -exchange topology must play an important role. A comparison with the factorization procedure allowed to extract information on the effective Wilson coefficients and to discriminate between different solutions obtained in the diagrammatic scheme. The flavor-diagram approach has also been used in Ref.
[22] to study D and D s decays into a pseudoscalar meson and an even-parity scalar or axial vector or tensor meson. It was found that the contribution of annihilation diagrams could be important. The factorization formalism has also been used as a complementary tool to calculate some decay rates and again the inclusion of weak annihilation processes was found to be necessary to account for the data.
Dalitz plot projections or one dimensional effective mass distributions are obtained by proper integration V: Branching fractions (Br) for different quasi two-body channels calculated for the best fit to the Belle data [10] (χ 2 = 9451). The sum of branching fractions is 132.81 %. The branching fractions for the tree amplitudes (tree), and the lower limits for the annihilation amplitudes (ann. low) are also given. The first error of Br is statistical. The second error of Br and the errors of the tree and annihilation parts show the difference between the branching fractions obtained for the fit with χ 2 = 9488 and those for the best fit (see Table III The branching fractions for the tree amplitudes (tree), and the lower limits for the annihilation amplitudes (ann. low) are also given. The first error of Br is statistical. The second error of Br and the errors of the tree and annihilation parts show the difference between the branching fractions obtained for the fit with χ 2 = 6951 and those for the best fit (see Table IV caption). All numbers are in per cent.
Amplitude channel
Br tree ann. low
.11 ± 1.25 ± 0.03 7.40 ± 0.13 10.64 ± 0.04 0 while the minimum, in the vicinity of 0.8 GeV 2 , comes from interferences with the K * (892) + resonance. The maxima at 1.2 GeV 2 and at 2.75 GeV 2 , and the deep minimum at about 2 GeV 2 are due to a typical P -wave dependence of the M 3 amplitude dominated by the K * (892) − resonance. The right panel of Fig. 13 shows the very rich structure of the Belle data which is well reproduced by our model. It exhibits clearly the π + π − S-, P -and D-wave resonance effects. The first peak comes mainly from the K * (892) + and f 0 (500), the second one from the ρ(770) 0 , the strong decrease on its right being due to its interference with the narrow ω(782), the f 0 (980) being responsible for the deep minimum near 1 GeV 2 , the f 2 (1270) contributes to the rise around 1.5 GeV 2 , the right-hand side bump being dominated once more by the 
GeV
2 where the BABAR model shows a shoulder. The corresponding shoulder is also observed in the right panel of Fig. 13 for the Belle data. To account for the presence of such a structure near 1.2 GeV 2 , a scalar resonance term called σ 1 , with a mass of (1033 ± 7) MeV and a width of (88 ± 7) MeV, has been introduced in Ref. [10] . In Ref.
[2] the K-matrix parametrization of the ππ S-wave state with a coupling to the ηη channel is introduced. The threshold mass squared corresponding to opening of the ηη channel is indeed equal to 1.201 GeV 2 and coincides with localization of the structure seen in Fig. 14 (dashed line) . However, as seen in Fig. 3 of Ref.
[2] this structure is rather wide. So, on the basis of experimental data for the m 2 0 distributions it is difficult to identify clearly the origin of this rather wide structure seen by both collaborations at 1.2 GeV 2 . In our pion scalar form factor shown in Fig. 8 one does not observe a sharp structure near 1.1 GeV. Further studies of different coupled channel production processes are needed to resolve this structure question.
VI. SUMMARY, CONCLUSIONS AND PERSPECTIVES
We have used the quasi two-body QCD factorization framework to analyze the high-statistics data of the D 
The importance of the interference contributions (-32.8 %) is seen in the fact that the total sum of all the branching fractions is larger than 100 %.
The branching fractions corresponding to the quasi two-body channel tree amplitudes give sizable contributions. The knowledge of the branching fractions does not allow to calculate all phases of our amplitudes, as it is the modulus square of the amplitudes which appears in the branching fraction formula. One of the phases of our 10 amplitudes cannot be determined. We proceed as in the isobar model analysis in requiring the phase of the term multiplying the pion vector form factor in the K 0 S [π − π + ] P amplitude to be zero. Consequently we can predict only lower or upper limits of the branching fraction contributions of the annihilation amplitudes. We find that these lower limits can be sizable for the important quasi two-body channels, [K As we do not know the K 0 to ρ(770) 0 transition form factor value at the D 0 mass squared, our fit cannot be used to estimate the physical unknown π or K meson to Kπ or ππ meson pair transition form factors entering the annihilation amplitudes. The full knowledge of the strong interaction meson-meson form factors can be obtained only if the strong meson-meson interaction is known at all energies [44] . Consequently some information on the K 0 ρ(770) 0 strong interaction would be required to estimate the K 0 to ρ(770) 0 transition form factor. It would be of interest if the unknown form factors entering the present model could be evaluated.
Concluding remarks and perspectives
In our QCD factorization approach the CP asymmetry, proportional to the very small imaginary part of V * cd V us , is found to be of the order of 10 of D and D s excited states which can be formed due to the πD and KD strong interactions, respectively. Their properties could be used to constrain theoretical πD and KD scattering models and possibly also πD and KD transition form factors.
Taking advantage of the coupling between the ππ and the KK channels and extending the derivation of the unitary pion form factor [27] to that of the kaon, two of the present authors, LL and RK, together with two collaborators, have recently studied, in the quasi two-body QCD factorization approach, the
. We could also extend our present work to study, in the quasi two-body QCD factorization framework, the D 0 → K 
